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Abstract: This paper deals with the problem of delay-dependent stability criteria for the uncertain 
linear system with multiple time-varying delays by virtue of the integral-equality. The 
integral equality is an improved version of the usual integral inequality and is constructed 
with free weighting matrices. The free terms are chosen according to the derivative of the 
Lyapunov-Krasovskii functional. The new improved criteria are much less conservative and 
more general than some existing results. 
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1 Introduction 


Time-delays are frequently encountered in many fields of science and engineering, including 
communication network, manufacturing system, biology, economy and other areas. During the 
last decade, the problem of deriving delay-dependent stability criteria for linear time delay 
systems has attracted the attention of many researchers!!-!5], For systems with time-varying 
delay, fixed model transformations are the main methods to deal with delay-dependent stability 
problems!*], were used to estimate the upper of cross terms. Recently, in order to reduce the 
conservatism, the free-weighting matrix method was proposed in [10,12,14] to investigate the 
delay-dependent stability, in which the bounding techniques on some cross product terms are 
not involved. It is the key point and main difference that how to deal with the upper bound of 
the derivative of Lyapunov functional for system with time-varying delay in [4,9,10,12,14]. 

There are some literature for stability criteria of system with multiple time-varying delays, 
Fridman discussed two time-varying delays problem in [2], and Yan et al. discussed multiple 
time-varying delays problem in [13], which has given asymptotically stable condition in terms 
of multiple linear matrix inequalities (LMIs). Moreover, our stability criteria only need one 
LMI. 
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In this paper, we propose some new delay-dependent stability criteria for the uncertain 
system with multiple time-varying delays in terms of LMIs. Compare with other stability 
criteria, our results overcome some main sources of conservatism. The new criterion has its 
own advantages, it does not use the inequality to estimate the upper bound of 

t 
— Í tT(t)Ziż(t)ds, i=1,2,---,K. 
t—ri(t) 

Notation R” denotes the n-dimensional Euclidean space, R”*™ is the set of n x m real 
matrices, I is the identity matrix of appropriate dimensions, the notation X > 0 (respectively, 
X > 0) for X € R"*” means that the matrix X is real positive definite (respectively, positive 
semi-definite). For an arbitrary matrix B and two symmetric matrices A and C, 


A B 
* C 


denotes a symmetric matrix, where * denotes a block matrix entry implied by symmetry. 


2 System description and preliminaries 
Consider the following linear system with multiple time-varying delays 
r(t) = Ax(t) + 2 Aiz(t — 7;(t)), R 
z(t) =¢(t), te [-7,0], 
where z(t) € R” is the state vector, A, A; (i = 1,2,- -- , K) are known real constant matrices 


with appropriate dimensions, ¢(t) is the initial condition of the system, 7;(t) (i = 1,2,--- , K) 
denote time-varying continuous functions, and are assumed to satisfy (2) or (3): 


OST) < 7% <7, Fi(t) < m < p, 7=1,2,---,K, Vi>0, (2) 
OSST, i=1,2,---,K, Vt>0, (3) 
where 7; and u; are constants. 7 and pu are the upper bound of 7; and pi, namely, 


T= ma {ri} w= pmax {mi}. 

For any delay satisfying (2) or (3), our objective of this study is to develop new delay- 
dependent stability criteria which guarantee that system (1) is asymptotically stable and the 
system (1) subject to some uncertainties is robustly stable. For this purpose, the following 
lemma is introduced. 

Lemma 1 Given d(t) > 0, for any appropriately dimensioned matrices U, V, W, functions 
g(s) and 7(t), the following equation holds 


- [F(a Wals)ds = a7 (QV f a(s)ds + d(t)n? (t)Un(t) 
t—d(t) t—d(t) 


t U V t 
-| [rO 9s) | "as @ 
t—d(t) * W g(s) 
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Proof The following two equations hold 
t t 
evf aisids= fa" (sv n(tyas 
t—d(t) t—d(t) 
and 


je n” (t)Un(t)ds = d(t)n* (t)Un(t), 


it is clear that Lemma 1 is true. This completes the proof. 


3 New stability criteria 


1121 


First, we propose delay-dependent stability criteria of the nominal system (1) satisfying 


(2) or (3), which are obtained through the new integral-equality and an appropriate type of 


Lyapunov functions. 


Theorem 1 For given constants 7;, pi (i = 1,--- , K), the nominal system (1) satisfying 
(2) is asymptotically stable if there exist matrices P > 0, Z; = Z7 > 0, Q: = QT >0, N; (i= 


1,--- ,K) and M of appropriate dimensions such that the following LMI holds 


Su 2 


<0, (5) 
x Eo 
where 
oo Por ©- ok Poky 
* Gy > OK ika 
Zu = ; 
* * os) OxK kky 
* Koo *  Ox41K41 
and 
K K K 
Poo = Ne Qi + X(N + Nio) + MoA + AT MẸ, Go. = > Na — Nio + MoA + AT MF, 
i=1 i=l i=l 
K K 
Pok = Z Ni — Nko + MoAx + A™ Mz, oky =P + > Nix+1 —Mo+ AT Mi, 


i=l i=1 


da = -(1 - m)Qiı - NA — Nıı + MıAı +AT M], in = -NIk — Nkı + MıAxk + A? Mk, 


biky = —Nines -Mı + AT Mpa, 


kK = —(1 — uk)QK = Nex — Nkk + MkåkKk + AkMk, 


K 
T TaT T 
kky = -Nkk — Mk + AkMky, ®kyk+ = by TiZi — Mati — Miki, 


i=1 


E12 = (M1, T2N2, aes TKNK), =22 = diag(—71Z1, —T2Z2, ae —TKSK), 


NI = (No; Na, paket Ne: Nfk+1), MT = (MG, MI,- , Mk, M41). 
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Proof We choose the Lyapunov-Krasovskii functional candidate as follows 


V(x) = 27 (t)Px(t) + 2 { L A iT (v)Ziż(v)dvds } 


>? { fone £7 (s)Qia(s)ds}, 


where P > 0, Z; > 0, Q; > 0 (i = 1,-: ,K) are to be determined. Taking the derivative of 
V (az) with respect to t along the trajectory of (1) yields 


K K 
V(r) < a7 (t)(P + PT)a(t) + >> it” HZa(t) - 5 J ' iT (s)Ziż(s)ds 
i=1 i=1 "t 


-Ti 


K K 
+Y TOQ) -DOU - maT (E — aO)Qel - nlt). (6) 


It is easy to show 


K t K t 
-5 tT (s)Ziż(s)ds < — tT (s)}Ziż(s)ds. (7) 
i=1 e 7 ° 2 A 


tilt) 
Applying the Lemma 1, the following equality holds 


K 


= 5 f be iT (s)Z;4(s)ds 


i=1 
K t 
= 2. (zron f a i(s)ds + TET OXEA) 


t=1 


t a pa Xi N; E(t) 
flee rolls ZI] ° 


where £T (t) = (7 (t), 27 (t — ni(t)),--- ,@7(t — Tk (t)),@7(t)), and X; (i= 1,--- , K) are some 
matrices of appropriate dimensions. 
According to the Newton-Leibniz formula, we obtain 


t 
a(t —74(t)) = 2(t) — f adi 
t-ri(t) 
Then, for matrices N; (i =1,--- , K) with appropriate dimensions, the following holds 


K 
Dome lko- | 


-Ti 


t 


; #(s)ds — z(t — ri(t))| =0. (9) 


On the other hand, for matrices M with appropriate dimensions, the following holds 


K 
2¢T (t)M [Azt F > Aiz(t — 7:(t)) — #(t)| =0. (10) 


i=l 
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Combine (6)-(10), we can obtain 
K 
Var) < eT ()[En +E nalo 
i=l 


Xi Ni E(t) 


K mt 
ea T -T as, 
ey ae k ee o| N? Zi t(s) s (11) 


When X; = N;Z7 NĪ, we can assure 


Xi NM 

NF Zt 
Applying the Schur complement, if (5) is satisfied, then V (z+) < 0, for any €(t) 4 0, thus the 
nominal system (1) is asymptotically stable. This completes the proof. 

When the restriction on the derivative of the time-varying delays is removed, that is, when 
fast time-varying delays are allowed, choose Q; = 0 (i = 1,--- , K), as described in the proof 
of Theorem 1, then delay-derivative-free stability condition for the nominal system (1) would 
follow. 

Corollary 1 For given constants 7; (i = 1,--- , K), the nominal system (1) satisfying (3) 
is asymptotically stable if there exist matrices P > 0, Z; = Z7 > 0, Nj(i=1,---,K) and M 
of appropriate dimensions such that the LMI (5) holds with Q; = 0(i = 1,--- , K). 

Next we address the linear norm-bounded uncertainties. Suppose that matrices A and A; 
have parameter perturbations as AA(t) and AA;(t), which are in the form of 


AA(t) = DF()E, AA;(t)=D:Fi(t)Ei, t=1,---,K, (12) 


where D, E, Dj, E; are known real constant matrices of appropriate dimensions and F (t), F(t) 
are unknown matrices functions with Lesbesgue measurable elements satisfying 


FT(t)F(t) <I, FP ()Fi(t) <I. 


For system (1) with uncertainty (12), we can establish the following result by using Theorem 
1 and the applying the S-procedure. 

Theorem 2 For given constants 7;, pi (i = 1,--- , K), the system (1) subject to linear 
norm-bounded uncertainties (12) satisfying (2) is robustly stable if there exist matrices P > 
0, Zi = ZT > 0, Qi = QT > 0, Ni, M of appropriate dimensions and scalars € > 0, €; > 
0(i=1,--- , K) such that the following LMI holds 


Ou O12 913 
* O22 0 < 0, (13) 
* * 033 


where 
On = 211 + diag(cE” E, 6, ET Ey, ae ExELEx, 0), O12 = E12, 


Qi3 = M[D Dı --- Dy], G22 =z, O33 = —diag(el, ei, ---, exl), 
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and 211, =12, =22 and M are defined in (5). 

Proof Replace A and A; in (5) with A+ DF(t)E and 4; + D,Fi(t)E; for i=1,---,K, 
respectively, and multiply both sides of the resulting matrix by vectors x; for j = 1,2,--- ,2K + 
2. Next, define p = F(t)Ex1, qi = Fi(t)Eizigi1, i= 1,--- , K. Then, we have 

Ey Fi2 Or 
By | * Ee 0 |8<0 (14) 


* * 0 


for all admissible uncertainties F(t), F;(t)(i = 1,--- , K), where 


pT = [ats ai, PE eY TKD p7, q, MEMS og qi |. 
Since 
FIOFA <I, FIORI i=1,---,K, 
it is obvious that the following inequalities hold for scalars € > 0, e; > 0 (i =1,--- , K) 


ep p = ex? BT FT (t)F(t)Ex, < esT BT Eri, egg q < eix ET Eiti. (15) 


Applying the S-procedure to (14) and inequalities (15) allow us to obtain (13). This com- 
pletes the proof. 

Similarly to Corollary 1, by choosing Q; = 0 (i = 1,--- , K) in Theorem 2, we can obtain 
the following result. 

Corollary 2 For given constants 7; (i = 1,--- , K), the system (1) subject to linear norm- 
bounded uncertainties (12) satisfying (3) is robustly stable if there exist matrices P > 0, Z; = 
ZT >0, Ni, M of appropriate dimensions and scalars € > 0, e; > 0(i = 1,--- , K) such that 
the LMI (13) holds with Q; =0(i = 1,--- , K). 


4 Conclusions 


This paper presents some stability criteria for the uncertain system with multiple time- 
varying delays. The new integral-equality was developed to make the criteria less conservative, 
which is an improved version of the existing integral inequality. Our results are much less 
conservative and more general than relevant current results. 
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